Abstract The celebrated Primitive Normal Basis Theorem states that for any n ≥ 2 and any finite field F q , there exists an element α ∈ F q n that is simultaneously primitive and normal over F q . In this paper, we prove some variations of this result, completing the proof of a conjecture proposed by Anderson and Mullen (2014). Our results also imply the existence of elements of F q n with multiplicative order (q n − 1)/2 and prescribed trace over F q .
Introduction
Let F q be the finite field with q elements, where q is a power of a prime p and let n ≥ 1 be a positive integer. We recall that the multiplicative group F * q n is cyclic and any generator of this group is called primitive. Primitive elements have numerous applications in areas like cryptography; perhaps the most notable such example is the widely used Diffie-Hellman key exchange [4] . Also, F q n can be regarded as a F q -vector space of dimension n: an element α ∈ F q n is normal over F q if B = {α, . . . , α q n−1 } is a basis of F q n . In this case, B is called a normal basis. For many practical applications, such as cryptography and computer algebra systems, it is more efficient to work with normal bases. For a comprehensive coverage on normal bases and their importance, both in theory and applications, we refer to [5] and the references therein.
Sometimes it is also desired that such normal bases are composed by primitive elements. The Primitive Normal Basis Theorem states that there exists normal basis composed by primitive elements in any finite field extension. The proof of this result was first presented by Lenstra and Schoof [8] , and a proof without the use of a computer was given by Cohen and Huczynska [3] . Recently, Hachenberger [6] , using geometric tools, established sharp estimates for the number of such bases.
A variation of normal elements was recently introduced by Huczynska et al. [7] , yielding k-normal elements. There are many equivalent definitions for such elements and here we pick the most natural. Definition 1.1 For α ∈ F q n , consider the set S α = {α, α q , . . ., α q n−1 } comprising the conjugates of α by the action of the Galois group of F q n over F q . The element α is k-normal over F q if the F q -vector space V α generated by S α has dimension n − k, i.e., V α ⊆ F q n has co-dimension k.
Following this definition, 0-normal elements are just the usual normal elements and 0 ∈ F q n is the only n-normal element. Also, we note that the definition of k-normal depends strongly on the base field that we are working and, unless otherwise stated, α ∈ F q n is knormal if it is k-normal over F q .
We recall that the multiplicative group F * q n has q n − 1 elements and, for α ∈ F * q n , the multiplicative order of α ∈ F * q n is the least positive integer d such that α d = 1. We write d = ord(α). Since α q n −1 = 1, d is always a divisor of q n − 1. For instance, the primitive elements are the ones of order q n − 1. We know that, for each divisor e of q n − 1, there exist ϕ(e) elements in F q n with order e, where ϕ is the Euler Phi function. We introduce a variation of primitive elements in finite fields. From definition, the 1-primitive elements correspond to the primitive elements in the usual sense. Motivated by the Primitive Normal Basis Theorem, in 2014, Anderson and Mullen propose the following problem (see [10] , Conjecture 3).
Conjecture 1.3 (Anderson-Mullen)
Suppose that p ≥ 5 is a prime and n ≥ 3. Then, for a = 1, 2 and k = 0, 1, there exists some k-normal element α ∈ F p n with multiplicative order (p n − 1)/a.
In other words, if p ≥ 5 and n ≥ 3, there exists an element α ∈ F p n that is simultaneously a-primitive and k-normal, for a = 1, 2 and k = 0, 1. We notice that the case (a, k) = (1, 0) is the Primitive Normal Basis Theorem, which holds for arbitrary finite fields. Also, the case (a, k) = (1, 1) was recently proved for arbitrary q and n ≥ 3 (see [11] ), yielding the Primitive 1-normal Basis Theorem.
In this paper, we complete the proof of Conjecture 1.3 above, adding the case a = 2. In fact, we prove a stronger version of this conjecture. Theorem 1.4 Let q be a power of a prime p and let n be a positive integer.
1. If p ≥ 3 and n ≥ 3, there exists an element α ∈ F q n that is simultaneously 2-primitive and normal over F q , with the sole exception (q, n) = (3, 4). Furthermore, with the exception of the case q = 3, there is no 2-primitive normal element of F q 2 over F q . 2. If p ≥ 5 and n ≥ 2, there exists an element α ∈ F q n that is simultaneously 2-primitive and 1-normal over F q .
Moreover, in Theorem 5.1, given q a power of an odd prime p, we prove the existence of 2-primitive elements of F q n with prescribed trace over F q provided that p ∤ n and p, n ≥ 3 or that p | n, n ≥ 3 and p ≥ 5.
We make a brief comment on the techniques used in this paper. We use standard characteristic functions to describe a special class of 2-primitive, k-normal elements (for k = 0, 1) over finite fields: these characteristic functions can be described via character sums. This characterization provides sieve inequalities for the existence of such elements and then we study these inequalities in both theoretical and computational aspects.
Preliminaries
In this section, we provide a background material for k-normal elements, as well as some particular artihmetic functions and their polynomial version. Definition 2.1 (a) Let f be a monic polynomial with coefficients in F q . The Euler Phi Function for polynomials over F q is given by
where f is the ideal generated by
If t is a positive integer (or a monic polynomial over F q ), W (t) denotes the number of square-free (monic) divisors of t. (c) If f is a monic polynomial with coefficients in F q , the Polynomial Möbius Function µ q is given by µ q ( f ) = 0 is f is not square-free and µ q ( f ) = (−1) r if f writes as a product of r distinct irreducible factors over F q .
Additive order of elements and k-normals
As follows, the q-associates have a good behavior through basic operations of polynomials.
Notice that, for any element α in some extension of
• α = 0}, the previous lemma shows that I α is an ideal of F q [x] . In particular, for α ∈ F q n , x n − 1 ∈ I α and so I α is a non zero ideal, hence is generated by a polynomial, say m α (x). Notice that, if we require m α (x) to be monic, such m α (x) is unquely determined by α. We define m α (x) as the F q -order of α. This concept works as an "additive" analogue of multiplicative order over finite fields.
Clearly, for α ∈ F q n , m α (x) divides x n − 1 and then its degree is at most n. For instance, if deg(m α (x)) = 0, then m α (x) = 1 and α = 0. The following result shows a connection between k-normal elements and their F q -order. For instance, normal elements α ∈ F q n are the ones such that m α (x) = x n − 1. The previous proposition shows that the existence of k-normal elements depends on the existence of a polynomial of degree n − k dividing x n − 1 over F q . In fact, according to Theorem 3.5 of [7] ,
Since x − 1 divides x n − 1 for any n ≥ 1, we see that 1-normal elements exist in any extension of F q . Clearly, this also implies the existence of (n − 1)-normal elements. Recall that 0 ∈ F q n is n-normal and that 0-normal elements always exist. These are the only values of k for which the existence of k-normal elements is guaranteed in any finite field extension. In fact, suppose that n is a prime and q is primitive (mod n): the polynomial x n − 1 factors as (x − 1)(x n−1 + · · · + x + 1) over F q . In particular, from the previous proposition, there are no k-normal elements in F q n for any 1 < k < n − 1. Of course, in this paper, we are only interested in 0 and 1-normal elements.
Application of the method of Lenstra and Schoof
Here we present the traditional method of Lenstra and Schoof [8] in the characterization of elements in F q n with special properties like normal, primitive and of a given prescribed trace over some subfield F q m of F q n . We start with the concept of freeness.
From definition, the primitive elements correspond to the (q n − 1)-free elements. Also, the (x n − 1)-free elements are just the normal elements. Using the concept of freeness, we characterize special classes of 1-normal elements, via trace functions. First, we have the following lemma. As follows, we show that we have a characterization of elements α ∈ F q n for which m α (x) = 
Conversely, suppose that m β (x) =
In the case when n is divisible by p 2 , as noticed in [11] , we have an alternative characterization for such 1-normal elements. The proof of this proposition quite simple and can be found in Lemma 5.2 of [11] .
Some characteristic functions
The concept of freeness derives some characteristic functions for primitive and normal elements. We pick the notation of [7] . Additive component. χ is the canonical additive character on F q n , i.e.
where λ is the canonical additive character of
is the trivial additive character in F q n and D is minimal (in terms of degree) with this property. Here, ∆ D denotes the set of all δ ∈ F q n such that χ δ has F q -order D, where χ δ (ω) = χ(δ ω) for any ω ∈ F q n . For instance, ∆ 1 = {0} and ∆ x−1 = F * q . Furthermore, it is well-known that
Following our notation,
where µ q and Φ are the Möbius and Euler functions for polynomials over
The sums above yield characteristic functions.
Theorem 2.8 ([7], Section 5.2)
1. For w ∈ F * q n and t be a positive divisor of q n − 1,
2. For w ∈ F q n and D be a monic divisor of x n − 1,
For any divisor m of n, we know that F q m is a subfield of F q n . Let
We need a character sum formula for T m,β . Let λ and λ m be the canonical additive characters of F q and F q m , respectively: the character λ lifts λ m and χ to F q m and F q n , respectively. In other words,
, since the trace function is transitive. We observe that T m,β can be written as
if and only if Tr q n /q m (w) = Tr q n /q m (α) = β and, otherwise, this sum equals 0. In particular,
More specifically, for t = q n − 1 and D = x n − 1, we obtain characteristic functions for primitive and normal elements, respectively. We write ω q n −1 = ω and Ω x n −1 = Ω . As usual, we may extend the multiplicative characters to 0 by setting η 1 (0) = 1, where η 1 is the trivial multiplicative character and η(0) = 0 if η is not trivial.
For a more detailed account of the above, we refer the interested reader to [2] and the references therein.
Also, write Ω (1) the characteristic function for elements α ∈ F q n such that m α (x) =
x n −1
x−1 ; from Proposition 2.6, if n = p t u with gcd(u, p) = 1 and β is any element of F q p t such that m β (x) =
where
x−1 . We may characterize (0 and 1)-normal elements with prescribed multiplicative order (q n − 1)/2 (i.e., 2-primitive); the element b ∈ F q n has order (q n − 1)/2 if and only if b = a 2 for some primitive element a.
The following result is straightforward.
Proposition 2.9 For w ∈ F q n , the following hold: 
w 2 is 2-primitive and normal if and only if
3 Sieving inequalities for 2-primitive, f -free elements with prescribed trace
For χ and η, additive and multiplicative characters of F q n respectively, G 2 (η, χ) stands for the sum ∑ w∈F q n η(w)χ(w 2 ). 
In particular, we have the following inequality:
(ii) We have that
Proof We just prove item (i) since item (ii) is easier and follows by similar ideas. Combining the characteristic functions for primitivity, f -free and prescribed trace, we obtain the following equality:
We first simplify the sum above by eliminating the trivial sums 
In particular, we obtain the following simplified expression:
as desired. From Theorem 2.11, the remaining Gauss sums above satisfy the inequality
Since |a c | = 1 for any c ∈ F q m , taking estimates in the previous sum we obtain the following inequality:
⊓ ⊔
Additionally, with some persistent cases in mind, we introduce some sieving techniques, as presented in [3] . We note though, that for our cause it suffices to apply sieving solely on the multiplicative part. To this end, write N( f , m, β ) l as the number of l-free elements w ∈ F q n such that w 2 is f -free over F q and Tr q n /q m (w 2 ) = β , where l | q ′ and q ′ is the square-free part of q n − 1. Similarly, we set N 2 (n) l as the number of l-free w ∈ F q n such that w 2 is normal over 
Proof We just prove the first inequality, since the second follows in a similar way. Let S(l) be the set of l-free elements of F q n whose squares have trace β over F q m and are f -free over F q , where l | q n − 1. We will use induction on s. The result is trivial for s = 1. For s = 2, we have that S(r 1 ) ∪ S(r 2 ) ⊆ S(q 0 ) and S(r 1 ) ∩ S(r 2 ) = S(q ′ ). The result follows after considering the cardinalities of the above sets.
Next 
there exists a normal element in F q n that is 2-primitive.
there exists an 1-normal element in F q n that is 2-primitive.
Proof We begin with the second item. Take β and T as in Proposition 2.6. It then follows from Proposition 2.9 that it suffices to show that
Next, we follow the same steps as in the proof of Theorem 3.1 and get:
The above, combined with the fact that W (q 0 p i )/W (q 0 ) = 2, yields
which implies the desired result. The proof of the first item is almost identical and ommited.
The following corollary is also useful. Proof According to Theorem 3.1, is enough to prove that N(1, n/p, β ) > 0. From the same theorem, the last inequality holds if
According to Proposition A.1, W ( . Since k ≥ 2 and p ≥ 5,
The expression ⊓ ⊔
Existence results
In this section, we use the theory developed in the previous ones in order to complete our results. Our procedure, in general, relies on verifying the inequalities of Corollary 3.3 to obtain the existence of 2-primitive, k-normal elements in F q n for k = 0, 1. For the mentioned computations, the SAGEMATH software was used. First, notice that the case n = 2 is elementary and the following lemma summarizes the results. Proof Observe that any nonzero element of F q 2 is either normal or 1-normal. If α ∈ F * q 2 is 1-normal, then (x − b) • α = 0 for some b ∈ F * q , hence α q = bα and so α (q−1) 2 = 1. In particular, any element in F q 2 with multiplicative order greater than (q − 1) 2 is normal. For q > 3, (q 2 − 1)/2 > (q − 1) 2 and this implies the normality over F q of all 2-primitive elements. If c ∈ F 3 2 is 2-primitive, then it has multiplicative order 4, and so c q = c 3 = ±c. In other words, c is 1-normal.
⊓ ⊔
So, from now on we assume that n ≥ 3. Before we move to the computational part, we note that exact calculations or estimations of W (t) will be needed. A simple combinatorial argument yields
where d(t) stands for the number of distinct prime numbers or monic irreducible polynomials dividing t, where t can be a positive integer or a monic polynomial over F q , respectively. Additionally, the following bounds hold. Proof For the initial statement see Eq. (2.10) of [8] . The first item is a direct consequence of this and for the other two see Lemma 2.11 in [8] . ⊓ ⊔
Lemma 4.2 Let t, a be positive integers, then W (t) ≤

Existence of normal, 2-primitive elements
In this stage we are ready to investigate the existence of normal elements of F q n over F q with multiplicative order (q n −1)/2. First, we combine the first item of Corollary 3.3 with Eq. (4), Lemma 4.2 and the various estimates of Lemma 4.4 and get several (similar) conditions for the existence of the elements of our interest. By using these conditions, we compile Table 1 . These results cover all cases, with the exception of 468 pairs (q, n). Nonetheless, this list is Table 1 Values for q and n such that Eq. (2) (11, 5) , (3, 6) , (5, 6), (7, 6) , (3, 8) and (5, 8) . We define S 0 as the set of the 22 pairs above. In particular, if (q, n) ∈ S 0 , it follows that there exist 2-primitive, normal elements of F q n over F q . For the pairs (q, n) in S 0 , we verify directly the existence of 2-primitive, normal elements, for all pairs in S 0 with the sole exception of (3, 4), which, in fact, is a genuine exception. The SAGEMATH program used for this verification is described in Appendix B. In conclusion, we obtain the following result.
Theorem 4.5 Let q be a power of a prime p ≥ 3 and let n ≥ 3 be a positive integer. Then there exist 2-primitive, normal elements of F q n over F q , unless (q, n) = (3, 4).
Existence of 1-normal, 2-primitive elements
Next, we proceed to the 1-normal and 2-primitive case. We separate the study of Eq. (3) in two cases whether n is divisible by p or not, i.e., k = 0 or k > 0, while for the former we study the case n = 3 separately, since this case requires special attention and a different strategy is adopted. Also, we confine ourselves to p ≥ 5.
The case p = 3 and n = 3
Here we assume that n = 3 and p ≥ 5. For this case, it is clear that a 2-primitive element of F q 3 can be either normal or 1-normal over F q ; for this, we see that any 2-normal element α ∈ F q 3 is such that α q−1 is in F q , hence α (q−1) 2 = 1 but (q − 1) 2 < (q 3 − 1)/2 for q ≥ 5. Additionally, some w ∈ F q 3 such that Tr q 3 /q (w) = 0 cannot be normal, that is it suffices to search for a primitive element w ∈ F q 3 such that Tr q 3 /q (w 2 ) = 0, so Theorem 3.1 implies that it is enough to show that N(1, 1, 0 
We begin without any sieving primes, i.e. s = 0, so a sufficient condition would be 15 , of q ′ and we get that δ ≥ 0.32 and d q ′ /p 1 ···p 15 < 2618.07. The resulting condition is satisfied for q ≥ 8261356. However, for all q < 8261356, we have that d(q ′ ) < 19, i.e. this possibility is also settled.
We employ the same technique for 11 ≤ d(q ′ ) < 19 and resolve the case q ≥ 906561 for that case. For the remaing cases, it is clear that Eq. (5) remains unsatisfied for q < 2 22 . So, since 2 22 > 906561, it suffices to investigate q < 2 22 .
First, we check that all, but 42304 q's satisfy Eq. (5), with the bound W (q 3 − 1) ≤ c q 3 −1,12 q 1/4 . Amongst them, 10067 do not satisfy this with W (q 3 − 1) being excplicitly computed. For those q's we apply a sieving algorithm, as presented in Appendix B, that is succesfull for all but 191 values of q. These prime powers are presented in Table 2 and for them, we are able to find examples of 2-primitive 1-normal elements, using the algorithm presented in Appendix B. All in all, we have the following. 
The case gcd(n
If n is not divisible by p, then n = u and Eq. (3) is equivalent to
The cases n ≤ 3 have already been settled, so from now on we may assume that n ≥ 4. For n = 4, we check that for q ≥ 5217924120, we have that
for d q n −1 ≤ 4514.7 and W (x u −1) ≤ 2 n . Within the range 3 < q < 5217924120 we check that there are 4598 prime powers co-prime to 6, that do not satisfy Eq. (7), if we substitute d q n −1 by its exact value, with q = 1658623 being the largest amongst them. We check them and verify that 433 prime powers q fail to satisfy Eq. (6) with all quantities explicitly computed. Then, we follow the same steps for n = 5, . . . , 10. For 11 ≤ n < 20, Eq. (7) holds for q ≥ 170, when d q n −1 ≤ 4514.7 and W (x u − 1) ≤ 2 n . In this region, 41 pairs do not satisfy Eq. (7), once we replace d q n −1 by its exact value and among them only 3 fail to satisfy Eq. (6) with all quantities explicitly computed. For 21 ≤ n < 25, we follow the same procedure and initially we have get the desired result for q ≥ 31, then, with the same steps, we reduce the list to 18 pairs, but eventually we have no new possible exceptions. Finally, we note that Eq. (7) holds for n ≥ 25 and q ≥ 22, so the cases q < 21 and n > 26 are left to investigate.
So we start with q = 19. A quick computation reveals that Eq. (7) holds for q = 19 and n ≥ 23, for d q n −1 < 3261.7 (as 19 ∤ q n − 1) and W (x u − 1) ≤ 2 (n+q−1)/2 , so we have no additional exceptions for q = 19. Similar arguments for q = 17, 13, 11, 7 and 5 yield no further exceptions. We only describe q = 5 as an example: in this case, we assume d q n −1 < 2760.39 and Eq. (6) is true for n ≥ 43, while in the region 26 ≤ n < 43, Eq. (6) is satisfied.
From the above procedure we have identified 472 possible exception pairs (q, n). The sieving algorithm, as presented in Appendix B, yields a succesfull result for roughly half of them, in particular for those with large components, while the remaining 283 pairs are presented in Table 2 .
We define S 1 as the set of the pairs in Table 2 . In particular, if (q, n) ∈ S 1 , it follows from Theorem 3.1 that there exist 2-primitive, 1-normal elements of F q n over F q . For the pairs (q, n) in S 1 , we verify directly the existence of 2-primitive, 1-normal elements: see Appendix B for the pseudocode. In conclusion, we obtain the following result. 3 5, 7, 11, 13, 17, 19, 23, 25, 29, 31, 37, 41, 43, 47, 49, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101, 103, 107, 109, 113, 121, 125, 127, 131, 137, 139, 149, 151, 157, 163, 169, 179, 181, 191, 193, 197, 199, 211, 223, 227, 229, 233 Table 2 Possible exceptions pairs (q,n) for 2-primitive and 1-normal, when p ≥ 5, n ≥ 3 and gcd(p,n) = 1.
The case n is divisible by p
Here, we confine ourselves to the case p = 3. Following the ideas of [11] , we first proceed with the case when n is divisible by p 2 , i.e., k ≥ 2. We obtain the following result.
Lemma 4.9 Suppose that n = p 2 s, where s ≥ 1 and p ≥ 5. There exists a 2-primitive, 1-normal element of F q n over F q .
Proof Let β ∈ F q ps be such that m β =
x ps −1
x−1 . From Corollary 3.4, there exists a 2-primitive element α ∈ F q n such that Tr q n /q ps (α) = β . From Proposition 2.7, it follows that such an α satifies m α = x n −1 x−1 , i.e. α is 2-primitive and 1-normal.
⊓ ⊔
We proceed with the case u ≥ 3 and k = 1. We continue with the remaining cases. We observe that Eq. (3) is always satisfied (with the generic bounds W (q n − 1) < 4.9 · q n/4 and W (x u − 1) ≤ 2 u ) for u ≥ 8. With similar techniques, we identify the possible exceptions for 4 ≤ u ≤ 7 and we end up with additional 30 pairs (q, n) to deal with.
The combined list of 52 pairs (q, n) of possible exceptions is reduced to 7, once we use the bound W (q n − 1) ≤ d q n −1 q n/8 in Eq. (3), but compute d q n −1 and W (x u − 1) explicitly for every pair. Amongst those we find the persistent pairs (5, 15), (5, 20) and (25, 15) that do not satisfy Eq. (3), with all quantities explicitly computed, but we succesfully apply sieving on them.
⊓ ⊔
We now add the cases n = p, 2p. We note that Eq. (3) is not useful in these cases. In the following proposition, we combine Eq. (1) with some combinatorial arguments in order to obtain the desired existence result. 
which is violated, except for q = p = 5.
which is violated for any q.
Proof We split the proof into cases.
-Case n = p. Let N be the number of 2-primitive, 1-normal elements of F q n . We observe that if α ∈ F q n is 2-primitive and has 0-trace over 
and so 1
According to Lemma A.2, 1 θ (q p −1) ≤ 3.6 log q. The later implies the following inequality:
We first suppose that q = 5. According to Proposition A.1, W ( .
Write q = p t . If p = 5, the last inequality implies 3.6 log q > q − 4q 4 4.3 , which is true only for t ≤ 12. For p = 7, we get 3.6 log q > q − 4q 1.7 4.3 , which is true only for t = 1. For p ≥ 11, we have 3.6 log q > q − 4, which is true only for q ≤ 13. For the remaining cases q = 5 t ,t ≤ 12, q = 7, 11 and 13, we go back to Eq. (8) and, replacing q and p by their exact values, we see that with the exception of the case q = 5, Eq. (8) does not hold. -Case n = 2p. Let N be the number of 2-primitive, 1-normal elements of F q n . We note that if α ∈ F q n is 2-primitive, (x +1)-free and has 0-trace over
With the notation of Theorem 3.1, we observe that the number of 2-primitive elements of 0-trace equals N(x + 1, 1, 0). If N = 0, it follows that any 2-primitive element that has trace 0 over F q and is (x+1)-free satisfies (x+1) p (x−1) p−2 • α = 0; this equation has at most q n−2 solutions. In particular, if there is no 2-primitive, 1-normal element in F q n , N(x + 1, 1, 0) ≤ q p−2 . However, according to Eq. (1) ,
and so A simple verification shows that this last inequality holds only for q ≤ 17. For the cases q = 5, 7, 11, 13, 17, we go back to Eq. (9) and, replacing q and p by their exact values, we see that Eq. (9) does not hold for any of these values of q. ⊓ ⊔
As a final step, we find an example of 2-primitive and 1-normal element of F 5 5 over F 5 with Algorithm 2 and this concludes the proof of Theorem 1.4.
Remark 4.12
In the present text, the case of 2-primitive, 1-normal elements of F q n over F q is absent for fields of characteristic p = 3. However, partial existence results for this case are feasible with our tools, but the absence of this case in Conjecture 1.3 suggest that a pursuit for a complete result may be unrealistic.
A note on 2-primitive elements with prescribed trace
Before concluding, we make a small note regarding the existence of 2-primitive elements with prescribes trace. First observe that, although for our purposes we expected the trace of our elements to take specific values, the conditions that were used, that led to the compilation of Table 2 , are identical for every possible trace. This implies that for every odd prime power q and positive integer n ≥ 3, such that gcd(q, n) = 1 and (q, n) not present in Table 2 , and for every α ∈ F q , there exists some 2-primitive β ∈ F q n such that Tr q n /q (β ) = α. In addition to the pairs present in Table 2 , we also consider 11 pairs (q, n), with q a power of 3, that would appear in the table, if the powers of 3 were not explicitly excluded.
For those 294 pairs, we first check the condition
where q 0 and s as in Corollary 3.3. That settles some pairs and for the remaining 208 pairs we utilize Algorithm 3 from Appendix B to find 2-primitive elements of F q n with trace equal to every element of F q . Likewise, the only possible exception for the case gcd(q, n) > 1 and p ≥ 5 would be the pair (q, n) = (5, 5), which we also verify with Algorithm 3. So, summing up, we have the following.
Theorem 5.1 Let q be a power of an odd prime number p and n ≥ 3 such that either gcd(p, n) = 1 or p ≥ 5, then for every α ∈ F q there exists some 2-primitive element β ∈ F q n such that Tr q n /q (β ) = α.
A Estimates for W (q n − 1) and θ (q n − 1)
Here we present some estimates to the numbers W (q n − 1) and θ (q n − 1) with n = p k · u, k ≥ 1: the estimates are based in elementary results in number theory and follows the same ideas contained in Appendix A of [11] . For this reason, we skip some details and just apply the results of [11] . . This shows that, for any p ≥ 5,
